
This article was downloaded by: [E. M. Badr]
On: 11 February 2012, At: 01:46
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

International Journal of Computer
Mathematics
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gcom20

Crown graphs and subdivision of
ladders are odd graceful
E. M. Badr a , M. I. Moussa b & K. Kathiresan c
a Department of Mathematics and Computer Science, Faculty of
Science, Benha University, Benha, Egypt
b Department of Computer Science, Faculty of Computer Science
and Information, Benha University, Egypt
c Department of Mathematics, ANJA College, Sivakasi, India

Available online: 06 Oct 2011

To cite this article: E. M. Badr, M. I. Moussa & K. Kathiresan (2011): Crown graphs and subdivision
of ladders are odd graceful, International Journal of Computer Mathematics, 88:17, 3570-3576

To link to this article:  http://dx.doi.org/10.1080/00207160.2011.610893

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-
conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation
that the contents will be complete or accurate or up to date. The accuracy of any
instructions, formulae, and drug doses should be independently verified with primary
sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand, or costs or damages whatsoever or howsoever caused arising directly or
indirectly in connection with or arising out of the use of this material.

http://www.tandfonline.com/loi/gcom20
http://dx.doi.org/10.1080/00207160.2011.610893
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


International Journal of Computer Mathematics
Vol. 88, No. 17, November 2011, 3570–3576

Crown graphs and subdivision of ladders are odd graceful

E.M. Badra*, M.I. Moussab and K. Kathiresanc

aDepartment of Mathematics and Computer Science, Faculty of Science, Benha University, Benha, Egypt;
bDepartment of Computer Science, Faculty of Computer Science and Information, Benha University,

Egypt; cDepartment of Mathematics, ANJA College, Sivakasi, India

(Received 7 April 2010; revised version received 29 November 2010; accepted 25 July 2011 )

A graph G of size q is odd graceful, if there is an injection φ from V(G) to {0, 1, 2, . . . , 2q − 1} such
that, when each edge xy is assigned the label or weight |f (x) − f (y)|, the resulting edge labels are
{1, 3, 5, . . . , 2q − 1}. This definition was introduced in 1991 by Gnanajothi [3], who proved that the graphs
obtained by joining a single pendant edge to each vertex of Cn are odd graceful, if n is even. In this paper,
we generalize Gnanajothi’s result on cycles by showing that the graphs obtained by joining m pendant
edges to each vertex of Cn are odd graceful if n is even. We also prove that the subdivision of ladders S(Ln)

(the graphs obtained by subdividing every edge of Ln exactly once) is odd graceful.

Keywords: odd graceful; crown graphs; ladder graphs
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1. Introduction

The study of graceful graphs and graceful labelling methods was introduced by Rosa [6]. Rosa
defined a β-valuation of a graph G with q edges as an injection from the vertices of G to the
set {0, 1, 2, . . . , q} such that when each edge xy is assigned the label |f (x) − f (y)|, the resulting
edge labels are distinct. β-Valuations are the functions that produce graceful labellings. However,
the term graceful labelling was not used until Golomb studied such labellings several years later
[4]. The notation of graceful labelling was introduced as a tool for decomposing the complete
graph into isomorphic subgraphs. Graph labellings can also be applied in the areas such as coding
theory, communication networks, mobile telecommunications or optimal circuits layouts.

Many of the results about graph labelling are collected and updated regularly in a survey by
Gallian [2]. The reader can consult this survey for more information about the subject.

A graph G of size q is odd graceful, if there is an injection f from V(G) to {0, 1, 2, . . . , 2q − 1}
such that, when each edge xy is assigned the label or weight |f (x) − f (y)|, the resulting edge labels
are {1, 3, 5, . . . , 2q − 1}. This definition was introduced by Gnanajothi [3] in 1991, who proved
that every cycle Cn is odd graceful if n is even. We denote the crown graphs (the graphs obtained
by joining a single pendant edge to each vertex of Cn ) by Cn � K1; therefore, the crown graphs
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(the graphs obtained by joining m pendant edges to each vertex of Cn,) are denoted by Cn � mK1.
Gnanajothi [3] proved that Cn � K1 are odd graceful if n is even. In our study, we generalize
Gnanajothi’s result on cycles by showing that the graphs (Cn � mK1) are odd graceful if n is even.
We also prove that the subdivision of ladders S(Ln) (the graphs obtained by subdividing every
edge of Ln exactly once) is odd graceful. In Section 2, we prove that the crown graphs Cn � mK1

are odd graceful. The odd graceful subdivision of ladders S(Ln) will be introduced in Section 3.

2. Odd graceful labellings of crown graphs

We are introducing a special method for labelling the vertices of the cyclic graph. First, we show
how to use this method in order to prove that the cycle Cn is odd graceful. Second, we use this
method for proving further theorems. We denote the total number of edges of the crown graphs
Cn � mK1 by q.

Theorem 2.1 The cycle Cn is odd graceful if n is even (n ≥ 4).

Proof We can see a cycle as the graph which consists of two paths, a left path uu1u2u3 · · · u(n/2)−1

and a right path v1v2v3 · · · vn/2 = v. In order to get the cycle, connect the vertex u with the vertex
v1 and connect the vertex vn/2 with the vertex u(n/2)−1 (Figure 1(a)). Clearly, Cn has n vertices and
q edges such that q = n. Let us consider the following numbering φ of the vertices of Cn.

φ(u) = 0,

φ(ui) = q − i (i odd), i = 1, 2, . . . ,
(

n
2

) − 1,

φ(ui) = q + i (i even), i = 1, 2, . . . ,
(

n
2

) − 1,

φ(vi) = 2q − i (i odd), i = 1, 2, . . . ,
(

n
2

) − 1, n
2 ,

φ(vi) = i (i even), i = 1, 2, . . . ,
(

n
2

) − 1, n
2 .

(1)

max
v∈V

φ(v) = max

{
0,

i odd
max

1≤i≤(n/2)−1
q − i,

i even
max

1≤i≤(n/2)−1
q + i,

i odd
max

1≤i≤(n/2)
2q − i,

i even
max

1≤i≤(n/2)
i

}

= 2q − 1, the maximal value of all odds.

Thus, φ(v) ∈ {0, 1, 2, . . . , 2q − 1}.

u4

v

u

u3

u2

u1

v4

v3

v2

v1

(a) (b)

Figure 1. C10 is odd graceful.
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3572 E.M. Badr et al.

(2) Clearly, φ is a one-to-one mapping from V(Cn) to {0, 1, 2, . . . , 2q − 1}.
(3) It remains to show that the labels of the edges of Cn are the odd integers of the set

{1, 3, 5, . . . , 2q − 1}.
The range of |φ(vi) − φ(vi+1)| = {2q − 2i − 1 : i = 1, 2, 3, . . . , ( n

2 ) − 1} = {2q − 3,
2q − 5, . . . , q + 1}.

The range of |φ(ui) − φ(ui+1)| = {2i + 1 : i = 1, 2, 3, . . . , ( n
2 ) − 2} = {3, 5, . . . , q − 3}.

The edges uu1, uv1 and vu(n/2)−1 are labelled by q − 1, 2q − 1 and 1, respectively. Hence,
|{φ(u) − φ(v)| : uv ∈ E} = {1, 3, 5, . . . , 2q − 1}, so that Cn is odd graceful if n is even. �

Theorem 2.2 The crown graph Cn � mK1 is odd graceful if n is even (n ≥ 4).

Proof We can see a cycle as the graph which consists of two paths , a left path uu1u2u3 . . . , u(n/2)−1

and a right path v1v2v3 . . . , vn/2. In order to get the cycle, we connect the vertex u with the ver-
tex v1 and connect the vertex vn/2 with the vertex u(n/2)−1. Now, we can get the crown graphs
Cn � mK1 by joining m pendant edges for each vertex vi on the right path (viv1

i , viv2
i , . . . , vivm

i ),
where i = 1, 2, 3, . . . , n

2 and joining m pendant edges for each vertex ui on the left path
(uiu1

i , uiu2
i , . . . , uium

i ), where i = 1, 2, 3, . . . , ( n
2 ) − 1. Finally, we join m pendant edges for the

vertex u (uu1, uu2, . . . , uum) (Figure 2). Clearly, Cn � mK1 has n + nm vertices and n + nm edges
such that q = n + nm. We assume that the number of vertices u1u2u3 · · · u(n/2)−1 and the number
of vertices v1v2v3 · · · v(n/2)−1 are both equal to x.

Case 1 (If x is even). Let us consider the following numbering φ of the vertices of Cn � mK1.

φ(u) = 0,

φ(ui) = q + (m + 1)(i − 1) − 1 (i odd), i = 1, 2, . . . ,
(

n
2

) − 1,

φ(ui) = 2q − (m + 1)(i + 1) + (m − 1) (i even), i = 1, 2, . . . ,
(

n
2

) − 1,

φ(uk
i ) = 2q − (m + 1)(i + 1) − 2k + 2m (i odd), k = 1, 2, . . . , m i = 1, 2, . . . ,

(
n
2

) − 1,

φ(uk
i ) = q + (m + 1)(i − 1) + 2k − m − 2 (i even), k = 1, 2, . . . , m i = 1, 2, . . . ,

(
n
2

) − 1,

Figure 2. Cn � mK1 is odd graceful.
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φ(uk) = 2k + 1, k = 1, 2, . . . , m,

φ(vi) = 2q − (m + 1)(i − 1) − 1 (i odd), i = 1, 2, . . . ,
(

n
2

) − 1, n
2 ,

φ(vi) = (m + 1)i (i even), i = 1, 2, . . . ,
(

n
2

) − 1, n
2 ,

φ(vk
i ) = (m + 1)(i − 1) + 2k (i odd), k = 1, 2, . . . , m, i = 1, 2, . . . ,

(
n
2

) − 1, n
2 ,

φ(vk
i ) = 2q − (m + 1)(i − 1) − 2k + m (i even), k = 1, 2, . . . , m, i = 1, 2, . . . ,

(
n
2

) − 1, n
2 .

(1)

max
v∈V

φ(v) = max

{
0,

i odd
max

1≤i≤(n/2)−1
q + (m + 1)(i − 1) − 1,

i even
max

1≤i≤n/2
(m + 1)i,

i even
max

1≤i≤(n/2)−1
2q − (m + 1)(i + 1) + (m − 1),

1≤k≤m, i odd
max

1≤i≤(n/2)−1
2q − (m + 1)(i + 1) − 2k + 2m,

1≤k≤m, i even
max

1≤i≤(n/2)−1
q + (m + 1)(i − 1) + 2k − m − 2,

1≤k≤m
max 2k + 1,

i odd
max

1≤i≤n/2
2q − (m + 1)(i − 1) − 1,

1≤k≤m, i odd
max

1≤i≤n/2
(m + 1)(i − 1) + 2k,

1≤k≤m, i even
max

1≤i≤n/2
2q − (m + 1)(i − 1) − 2k + m

}

= 2q − 1, the maximal value of all odds.

Thus, φ(v) ∈ {0, 1, 2, . . . , 2q − 1}.
(2) Clearly, φ is a one-to-one mapping from V(Cn � mK1) to {0, 1, 2, . . . , 2q − 1}.
(1) It remains to show that the labels of the edges of Cn � mK1 are all the odd integers of the set

{1, 3, 5, . . . , 2q − 1}.
The range of |φ(ui) − φ(ui+1)| = {q − 2i(m + 1) − 1; i = 1, 2, 3, . . . , ( n

2 ) − 2} =
{q − 2m − 3, q − 4m − 5, . . . , q − (n − 4)(m + 1) − 1}.
The range of |φ(vi) − φ(vi+1)| = {2q − 2i(m + 1) − 1; i = 1, 2, 3, . . . , ( n

2 ) − 1} = {2(q −
m) − 3, 2(q − 2m) − 5, . . . , 2q − (n − 2)(m + 1) − 1}.
The range of |φ(vi) − φ(vk

i )| = {2q − 2(i − 1)(m + 1) − 2k − 1 (i odd),
k = 1, 2, 3, . . . , m; i = 1, 2, 3, . . . , n

2 } = {2(q − k) − 1, 2(q − k) − 9, . . . , 2(q − k) −
(n − 2)(m + 1) − 1}.
The range of |φ(vi) − φ(vk

i )| = {2(q − k) − (m + 1)(2i − 1) + m (i even), k = 1, 2, 3,
. . . , m; i = 1, 2, 3, . . . , n

2 } = {2(q − k) − 2m − 3, 2(q − k) − 6m − 7, . . . , 2(q − k) −
n(m + 1) + 2m + 1}.
The range of |φ(ui) − φ(uk

i )| = {q − 2(mi + i + k − m) + 1 (i odd), k = 1, 2, 3, . . . , m;
i = 1, 2, 3, . . . , ( n

2 ) − 1} = {q − 2k − 1, q − 4m − 2k − 5, . . . , q − mn + 4m − n − 2k + 3}.
The range of |φ(ui) − φ(uk

i )| = {q − 2(mi + i + k − 1) + m (i even), k = 1, 2, 3, . . . , m;
i = 1, 2, 3, . . . , ( n

2 ) − 1} = {q − 3m − 2k − 2, q − 7m − 2k − 6, . . . , q − mn + 3m − n −
2k + 4}.
The range of |φ(u) − φ(uk)| = {2k + 1; k = 1, 2, 3, . . . , m} = {3, 5, . . . , 2m + 1}.
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3574 E.M. Badr et al.

The edges uu1, uv1 and vu(n/2)−1 are labelling by q − 1, 2q − 1 and 1, respectively. Hence,
|{φ(u) − φ(v)| : uv ∈ E} = {1, 3, 5, . . . , 2q − 1} so that Cn � mK1 is odd graceful if n is
even.

Case 2 (If x is odd). Let us consider the following numbering φ of the vertices of
Cn � mK1.

φ(u) = 0,

φ(ui) = q + (m + 1)(i + 1) − 1 (i odd), i = 1, 2, . . . , ( n
2 ) − 1,

φ(ui) = q − (m + 1)(i − 1) − (m − 1) (i even), i = 1, 2, . . . , ( n
2 ) − 1,

φ(uk
i ) = q − (m + 1)(i − 1) − 2k + 2 (i odd); k = 1, 2, . . . , m; i = 1, 2, . . . , ( n

2 ) − 1,

φ(uk
i ) = q + (m + 1)(i + 1) + 2k − m − 2 (i even), k = 1, 2, . . . , m; i = 1, 2, . . . , ( n

2 ) − 1,

φ(uk) = 2k − 1 k = 1, 2, . . . , m,

φ(vi) = 2q − (m + 1)(i − 1) − 1 (i odd), i = 1, 2, . . . , ( n
2 ) − 1, n

2 ,

φ(vi) = (m + 1)i (i even), i = 1, 2, . . . , ( n
2 ) − 1, n

2 ,

φ(vn/2) = m(x + 1) + x + 3,

φ(vk
i ) = (m + 1)(i − 1) + 2k (i odd), k = 1, 2, . . . , m; i = 1, 2, . . . , ( n

2 ) − 1, n
2 ,

φ(vk
i ) = 2q − (m + 1)(i − 1) − 2k + m (i even), k = 1, 2, . . . , m; i = 1, 2, . . . , n

2 − 1, n
2 .

(1)

max
v∈V

φ(v) = max

{
0,

i odd
max

1≤i≤(n/2)−1
q + (m + 1)(i + 1) − 1,

i even
max

1≤i≤(n/2)−1
q − (m + 1)(i − 1) − (m − 1),

1≤k≤m, i odd
max

1≤i≤(n/2)−1
q − (m + 1)(i − 1) − 2k + 2,

1≤k≤m, i even
max

1≤i≤(n/2)−1
q + (m + 1)(i + 1) + 2k − m − 2,

1≤k≤m
max 2k − 1,

i odd
max

1≤i≤n/2
2q − (m + 1)(i − 1) − 1,

i even
max

1≤i≤n/2
(m + 1)i,

1≤k≤m, i odd
max

1≤i≤n/2
(m + 1)(i − 1) + 2k, max m(x + 1) + x + 3,

1≤k≤m, i even
max

1≤i≤n/2
2q − (m + 1)(i − 1) − 2k + m

}

= 2q − 1, the maximal value of all odds.

Thus, φ(v) ∈ {0, 1, 2, . . . , 2q − 1}.
(2) Clearly, φ is a one-to-one mapping from V(Cn � mK1) to {0, 1, 2, . . . , 2q − 1}.
(1) It remains to show that the labels of the edges of Cn � mK1 are all the odd integers of the set

{1, 3, 5, . . . , 2q − 1}.
The range of |φ(ui) − φ(ui+1)| = {2(m + im + i) − 1; i = 1, 2, . . . , ( n

2 ) − 2}
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= {4m + 1, 6m + 3, . . . , nm − 2m + n − 3}.
The range of |φ(vi) − φ(vi+1)| = {2q − 2i(m + 1) − 1; i = 1, 2, 3, . . . , ( n

2 ) − 1} = {2
(q − m) − 3, 2(q − 2m) − 5, . . . , 2q − (n − 2)(m + 1) − 1}.
The range of |φ(vi) − φ(vk

i )| = {2(q − k) − 2(m + 1)(i − 1) − 1(i odd),
k = 1, 2, 3, . . . , m; i = 1, 2, 3, . . . , n

2 } = {2(q − k) − 1, 2(q − k) − 4m − 5, . . . , 2(q − k) −
n(m + 1) + 2m + 1}.
The range of |φ(vi) − φ(vk

i )| = {2(q − k) − (m + 1)(2i − 1) + m; (i even); k = 1, 2, 3, . . . ,
m; i = 1, 2, 3, . . . , n

2 } = {2(q − k) − 2m − 3, 2(q − k) − 6m − 7, . . . , 2(q − k) − n(m +
1) + 2m + 1}.
The range of |φ(ui) − φ(uk

i )| = {2i(m + 1) + 2k − 3 (i odd), k = 1, 2, 3, . . . , m;
i = 1, 2, 3, . . . , ( n

2 ) − 1} = {2(m + k + 1), 6m + 2k + 3, . . . , n(m + 1) − 2m + 2k − 5}.
The range of |φ(ui) − φ(uk

i )| = {2i(m + 1) + 2k − 3 (i even),
k = 1, 2, 3, . . . , m; i = 1, 2, 3, . . . , ( n

2 ) − 1} = {4m + 2k + 1, 8m + 2k + 5, . . . , (m + 1)

(n − 2) + 2k − 3}.
The range of |φ(u) − φ(uk)| = {2k − 1; k = 1, 2, 3, . . . , m} = {1, 3, 5, . . . , 2m − 1}.
The edges uu1, uv1and vu(n/2)−1 are labelling by q + 2(m + 1) − 1, 2q − 1 and q − 3, respec-
tively. Hence, |{φ(u) − φ(v)| : uv ∈ E} = {1, 3, 5, . . . , 2q − 1} so that Cn � mK1 is odd
graceful if n is even. Therefore, Cn � mK1 is odd graceful if n is even. �

3. Odd graceful of subdivision of ladders

The ladder graph Ln is defined by Ln = Pn × K2, where Pn is a path with n vertices and × denotes
the Cartesian product (Ln has 2n vertices). Bodendiek et al. [1] proved that Ln is graceful. Maheo
[5] proved that Ln is strongly graceful. In this section, we prove that the subdivision of graphs
S(Ln) (obtained by subdividing every edge of Ln exactly once) is odd graceful.

Theorem 3.1 The subdivision of ladders S(Ln) is odd graceful.

Proof Let u1u2u3 · · · un, v1v2v3 · · · vn be the vertices of the ladder Ln. Let v
′
i be the newly added

vertex between vi and vi+1, u
′
i be the newly added vertex between ui and ui+1 and wi be the newly

added vertex between ui and vi, (Figure 3). Clearly, S(Ln) has 5n − 2 vertices and 6n − 4 edges
such that q = 6n − 4. Let us consider the following numbering φ of the vertices of S(Ln).

φ(ui) = q + 2i − 3, i = 1, 2, . . . , n.

φ(vi) = 2q − 2i + 1, i = 1, 2, . . . , n.

φ(u′
i) = 2q − 2i − 2n, i = 1, 2, . . . , n − 1.

φ(v′
i) = 4i − 2, i = 1, 2, . . . , n − 1.

φ(wi) = 4i − 4, i = 1, 2, . . . , n.

(1)

max
v∈V

φ(v) = max

{
0, max

1≤i≤n
q + 2i − 3, max

1≤i≤n
2q − 2i + 1, max

1≤i≤n−1
2q − 2i − 2n,

max
1≤i≤n−1

4i − 2, max
1≤i≤n

4i − 4

}

= 2q − 1, the maximal value of all odds.
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3576 E.M. Badr et al.

Figure 3. S(L5) is odd graceful.

Thus, φ(v) ∈ {0, 1, 2, . . . , 2q − 1}.
(2) Clearly, φ is a one-to-one mapping from V(S(Ln)) to {0, 1, 2, . . . , 2q − 1}.
(3) It remains to show that the labels of the edges of S(Ln) are all the odd integers of the set

{1, 3, 5, . . . , 2q − 1}.
The range of |φ(ui

′) − φ(ui)| = {q − 2n − 4i + 3; i = 1, 2, 3, . . . , n}
= {q − 2n − 1, q − 2n − 5, . . . , q − 6n + 7}.
The range of |φ(ui) − φ(u

′
i−1)| = {q − 2n − 4i + 5; i = 1, 2, 3, . . . , n}

= {q − 2n − 3, q − 2n − 7, . . . , q − n + 5}.
Similarly,
the range of |φ(ui) − φ(wi)| = {q − 1, q − 3, q − 5, . . . , q − 2n + 3, q − 2n + 1},
the range of |φ(vi) − φ(wi)| = {2q − 1, 2q − 7, q − 5, . . . , 2q − 6n + 11, 2q − 6n + 5},
the range of |φ(v

′
i) − φ(vi)| = {2q − 3, 2q − 9, . . . , 2q − 6n + 15, 2q − 6n + 3},

the range of |φ(vi) − φ(v
′
i−1)| = {2q − 5, 2q − 11, . . . , 2q − 6n + 13, 2q − 6n + 7}.

Hence, |{φ(u) − φ(v)| : uv ∈ E} = {1, 3, 5, . . . , 2q − 1} so that S(Ln) is odd graceful
for all n. �

4. Conclusion

Since labelled graphs serve as practically useful models for wide-ranging applications such as
communications network, circuit design, coding theory, radar, astronomy, X-ray and crystallog-
raphy, it is desired to have generalized results or results for a whole class, if possible. This work
has presented the generalized result to obtain the graphs (obtained by joining m pendant edges to
each vertex of Cn) which are odd graceful if n is even. Finally, we have proved that the subdivision
of ladders S(Ln) is odd graceful.
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